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ABSTRACT 
Let S = (al ..... tz~_l) be a sequence of 2p -- 1 elements of an Abelian group G 
of type (p, p). The following theorems are proved: (1) If cq ..... a2~_1 are distinct and 
not zero, then every element of G is a sum over a subsequence of S and ifp > 2 then 0 
is the sum of a subsequence of al .... , a2~_2 9 (2) Let K be a proper subgroup of G. 
If 0:7(= ai e K for 1 _< i _< p -- 1, ce i r K for p _< i < 2p -- 2 then every element of 
G occurs as a sum over some subsequence of S. 
1. INTRODUCTION 
A con jecture  o f  Erdt is  states that  i f  ~1 . . . . .  c~2p_ 1 is a sequence of  
e lements  of  an  Abe l ian  group  o f  type (p, p) ,  then  some subsequence  has  
sum 0. In  [1 ], E rd6s ,  G inzburg ,  and  Z iv  prove  this  for  the  special  case 
in wh ich  al l  o f  the  ai  be long  to  the same coset ~ + H,  where  H is a 
subgroup o f  o rder  p. 
In  this  paper  we show (Theroem 1 and  Coro l la ry  1.1) that  i f  a l  . . . .  , 
~2v-~ are distinct non-zero  e lements  o f  G, then  every e lement  o f  G occurs  
as the sum of  a subsequence ,  and  that  ( i fp  > 2) the 0 occurs  as the sum 
of  a subsequence  of  ~ . . . . .  ~2p-2 9 We then  (Theorem 2) show another  
special  case in wh ich  every e lement  o f  G is the  sum over  a subsequence  of  
0~1 ~ .**~ (Z2p-- 1 9 
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2. THEOREMS AND PROOF 
We shall make repeated use of  the Cauchy-Davenport  theorem 
[2, Corollary 1.2.3] and the theorem of Vosper [2, Theorem 1.3]. 
For a finite set A we shall use ] A ] to denote the number of  elements 
in A. I f  A1 ..... A~ are subsets of a group (written additively), we let 
A1 + ""  + Ar 
denote the set of  all sums al + - . .  + at ,  a ic  A i .  
LEMMA l. Let A = {a0 + ha ] 2 ~- 0, 1, ..., s} be a set o f  residues 
modulo m with (a, m) = 1 and l ~ s ~ m -- 3. I f  A= {boq- ; tb[ ; t  
= O, 1 ..... s}, then a ~ 4- b (rood m). 
PROOE: We may assume with no loss of generality that a0 ~ 0 (mod m) 
and a~ 1 (mod m). The lemma is evident if s= 1; assume 2~s  
~m--3 .  
We have 0 ~ b0 + #b (mod m), for some 0 ~ # ~ s. Hence 
A = {0, 1 .... ,s} = {2bl --/~ <; t  <s  -- ~}. 
Hence either b c A or -- b ~ A. In any case 
A= {0, l ..... s}= { ; tc t - -T<2<s- -v}  
where l~c~sand c~ •  
Now i f l  ~c ,  thensq-  1 - -cands+2- -  eare inA .  Butsq -  land  
s§  are not in A. Thus s§  1 - -c=s§  which 
is impossible. 
Therefore c = 1 and b ~ • 1 (modm).  
LEMMA 2. Let a l ,  a~ .... , as be distinct non-zero residues modulo p, 
with s ~ 1, p prime, and p > 3. Let Ao be a set of  residues modulo p 
with I Ao ] > 2. Form the sets 
Ai {ai' + 2a~12 = O, 1 .. . .  , tl) 
where 1 ~_~ ti ~ p -- 3 and the ai' are residues modulo p(i ~- 1, 2 .... , s), 
and set 
C = Ao + A1 -~ . . .  -~ As. 
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Then 
] C ] ~ min {p, ~ [ Ai ] -- 2} 
PROOF: I f  S ~ 2, the lemma follows from the Cauchy-Davenport  
theorem. 
Assume s > 2. I f  t Ao [ ~p -- 2, then, for some 1 <~ i < s, Ao and 
Ai are not in arithmetic progression with the same difference; for if Ao 
is in arithmetic progression with difference d and d ~ 4- a i ,  then by 
Lemma 1 Ao and Ai cannot he in progression with the same difference. 
Thus, in any case, 
I Ao+Ai ]~>min(p -  1 , [Ao] -?  ]A~I} 
for some 1 < i < s, by Vosper's theorem. 
We may continue this process arriving at 
]Ao+Ai l+ . . .  +A~ k l~min  p - -  1, • I Ai jt 
j=o 
where io = 0 and k = s -- 2. Thus, by adding the two remaining sets 
and  using the Cauchy-Davenport  theorem we obtain 
l C l ~ min {p, ~ [ A~ l -- 2} 
LEMMA 3. Let al,  a2,..., a, be distinct non-zero residues modulo p, 
p prime andp > 3. I f  k l ,  k2 .... , ks are integers with 1 ~ ki ~ p -- 1 and 
Y~=l ki = 2(p -- 1), then every residue modulo p can be expressed in the 
form Y~i=ltiai where tl , t2, ..., ts are integers atisfying the conditions: 
(i) 1 <t i<k i  /f k i _>3,  
(ii) t i=0or l  if ki < 2, 
(iii) I f  ki -~ k~ = 2 (i @ j), then ti and t 5 are not both O, 
(iv) 2<•t i _<2(p- -2 ) .  
PROOE: Arrange the notation so that kl >_ 3 for 1 < i < q, ki = 1 for 
q+l<i<q+v,  and k i=2 for q+v+l<i<q+v+u=s.  
U Set be = aq+v+i for 1 < i < u and set b = ~i=lb~ 9 Let 
Ao= {0} if u=0, 
[{b ,b - -61  ....  ,b - -b~} if u>0,  
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J {a i ,  2ai ..... (k~ --  1)ai} if 1 < i ~< q, 
Ai = [{0, a i} i fq4 -1<i<q+u.  
8 Let S be the set of all sums ~i=itiai where the t~ satisfy the condition 
(i), (ii), and (iii). Clearly 
We have 
and 
S ~- Ao + A1 @ "*" ~- Aq+v. 
q 
k i+2u+ u=2(p- -  1) (1) 
i= l  
q+u+u~p- -1 .  (2) 
We shall first show that I S l=p.  
CASe 1: u=0.  
In this case we have, by Lemma 2, that either I S I = P or 
q+v q 
I S I>  Z [A i t -2 :Zk i -q+2v-2  
i=1 i=1 
: 2p - -4 - -q+t ,>2q+2u- -2 .  
Thus if either 2 /7 - -4 - -q+v>por  2q+2v- -2>p,  we are done. 
Hence we may assume that 
2p- -4 - -q+v_<<p- -  i and 2q+2u- -2~p- -  1. 
Summing these two inequalities gives 
q+3v<4.  
Hence either q < 1 or u ~ 0 and 2 ~ q ~ 4. The first case is impossible 
since (1) and (2) are incompatible if u = 0 and q < 1. 
For u = 0 and 3 < q < 4 we can arrange the notation so that al =F 5 
• a2 and (in case q = 4) so that also a~ =/= :L a4. Thus, for 2 < q < 4 
by Lemma 1, Vosper's theorem, and the Cauchy-Davenport theorem, 
either [S ]=por  
q 
JSl>> ~ )A~) -  1 =2p-q -3~2q- -  1. 
As before we may assume 2p- -q - -3<p- -  1 and 2q- -  1 <p-  1. 
But these inequalities give p < 5, which is a contradiction. 
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CASE 2: U ~ 1. 
In this case we have, by Lemma 2, either I S ] = p or 
q+v 
[S ]~ Y~ IA i [ - -2=Y,  k i - -q+u§  
i=0 
=2p- -q - -u§247247 1 
As before we may assume 
2p- -q - -u§  and 2q+u§  
Summing the inequalities gives 
q+3v~2.  
If  q=0 and v=0,  then IS  1= IAo l=U+ 1 =p.  
I f  v = 0 and q = 1, then, by the Cauchy-Davenport  theorem, either 
]S I  =p  or 
IST>~lAol § lA l l  -- l=u  § l § k l -  2= 2p- -  u -  3>_p. 
The only remaining case is v = 0, q = 2. I f  A0 is in arithmetic progression, 
then the difference must be • bi for some i. Hence either A0, A1 or 
A0, A2 are not in progression with the same difference. Moreover, by (1), 
we have u < p -- 4. Thus by Vosper's theorem and the Cauchy-Daven-  
port theorem, either I S ] = p or 
IS [  = [A0[ § [A l l  § [A2[ -- 1 = k l §247 2 = 2p- -u - -4~p.  
Note that condition (iv) is fulfilled if u ~ 1, q § u -- 1 ~ 2, or if 
u = 0, q ~ 2. Thus by (1) and (2) we need only account for the case 
u= 1, q= 1. For u= 1, q= 1 let 
S' : {b} § A 1 § . . .  § Aq+v. 
By Lemma 2, either ]S ' I  =p  or 
q+v 
I S ' [~  Z [A i ] - -2 :k l - -  1§  
: 2p -- 2u + v- -  5, 
=2p+v- -7 .  
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By (1), we have v > p --  3. I t  fo l lows that  I S '  I = P and cond i t ion  (iv) 
is satisfied. 
LEMMA 4. Let S {a l ,  a2,  ..., at} be a set of  r residues modulo p, 
p prime. For 1 ~t  <r ,  denote 
St ~ {a i l+  a~2 + "'" + air ] 1 ~ i 1 < i S < . . .  < i t ~ r}. 
Then ] St] >_ r. 
PROOf: The lemma is c lear i f  t = 1 or if r =p.  Assume r Gp  --  1. 
I f  t = 2 we may assume that  a l=0,  a2= 1, and0 < 1 <a3 < ""  
<at  <p.  C lear ly  O+ 1, O+a3 ..... O+ar  are dist inct modu lo  p. 
Thus  ]$2]  _> r. 
I t  fo l lows that  the lemma is true for all t and r such that  1 < t < r ~ 5; 
for  c lear ly I St l = ] Sr t] i f  1 < t < r/2. 
Assume 3 ~ t and r > 6 and  that  the lemma is true for all smal ler  
values of  t. Since r > 6 we may assume that  {a l ,  a2,  a3} is not  in ar i th-  
met ic  progress ion.  We may also assume that  t < r - -  1 since ] Sr_l ] = ] $1 ] 
= r. We have 
A ~-- {a I -[- az, a2 + a3, a l  -]- a3} 
is not  in progress ion.  Let S* : {a4, a5 . . . . .  at}. By induct ion  t S* 2 I 
r - -  3. Hence by Vosper 's  theorem 
]A+S~_2[~min{p- -  1, r} : r .  
Thus [ St l >__ r since St ~- A + S~_z. 
THEOREM 1. Let p be a prime, let H be the additive group of  residues 
modulo p and let G be the direct sum G = H O H. I f  S is any set of  
2p -- 1 non -zero elements of  G, then every element of  G can be expressed 
as the sum over some subset o f  S. 
Moreover, i f  p ~ 3, then every element a of  G has the form 
~Ta 
where T o is a subset of  S o f  size 
1 <ITs [  <2p- -2 .  
PROOE: The theorem is tr iv ial  i fp  < 3; assume p > 3. We shall  write 
SUMS OF SETS IN THE ELEMENTARY ABELIAN GROUP OF TYPE (p,  p )  281 
the elements of G as ordered pairs (a, b) of  residues modulo p with 
coordinatewise addition. Since IS ]= 2p-  1, S cannot contain two 
members of each of the p + 1 non-trivial proper subgroups of G. Hence 
we may assume with no loss of  generality that the residue 0 occurs at 
most once as a first entry in the pairs of S. 
Let a l ,  a~, ..., a8 be the distinct non-zero first entries that occur in 
the pairs of S. Let ki be the number of  appearances of ai(i = 1 .. . . .  s). 
Thus 
k i ~ 2p -- 2, and 1 < k~ < p. 
i=1 
Set 
Clearly 
Bi = {b i (ai , b) ~ S}, i = 1, ..., s. 
] Bi] = ki .  
CASE 1. Assume k i _<p -- 1 for i = 1 ..... s. 
Let (x, y) be an arbitrary element of G. By Lemma 3 we have 
X ~ ~ lia i 
where 
(i) 
(ii) 
1 < ti < ki  if ki ~ 3, 
ti = 0 or 1 if k i ~ 2, 
(iii) ki = 2, kj  = 2(i =7(= j) implies t i ,  t 3 not both 0, 
and 
(iv) 2 < ~ t~ ~__ ~ k i -- 2. 
i=l i-1 
Arrange the subscripts o that 
t~ l  if l< i~k  and t~=O if i>k .  
Thus x = ]~i_lt~a~. 
By (iii) we have 
thus 
ki__~ (s - -k )  + 1 
i=k+l 
f 
k i~+k- -1  i f  ~ k i :2P  - 1, 
Y~ ki  > i=~ 
i=l - -  +k- -2  if ~ k i=2p- -2 .  
i=1 
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For each 1 < i < k let Ei be the set of sums of exactly ti elements 
from the set Bi .  By Lemma 4 we have 
If  (0, b) occurs in S let 
Set 
D= 
Eo = {0, b}. 
E l+. . .  + Ek if (O,b) Oi S, 
Eo + E~ + . . .  + Ek if (O,b)~ S. 
Now it suffices to show that y E D, for then (x, y) is the sum of  r ele- 
ments of S, where, by (iv), 1 < r < 2p -- 2. 
I f  (0, b) # S, then 
k k, 
k~=2p- -  1 and Z IE~I~ ~ k i~p§  1. 
i=1 i=1 i=1 
I f  (0, b) e S, then 
k k 
k i=2p- -2  and • IE~t>_2+N k i~p+k.  
i=1 i=0 i=1 
It follows, by the Cauchy-Davenport theorem that [D[  = p. Hence 
y~D.  
CASE 2. k~ =p for some i. 
We may take kl = p. Thus 
5'1 = {(al, 0), (a l ,  1) ..... (a~,p -- 1)} c S. 
Clearly every element of G of  the form (x, y), x :/: 0 is a sum over a subset 
of 5'1 9 Let (a2, b) ~S,  a2 :/: 0. Then every element of  G is a sum over a 
subset of  5'1 W {(a2, b)}. Since [ S [ > p + 1, it follows that every ele- 
ment a of G is a sum over some subset Ta of  S where 1 < [ T, [ < p + 3. 
This proves the theorem, since p > 3. 
COgOLLAgY 1.1. I f  p > 2 and S is a subset of 2(p -- 1) elements of G, 
then 0 occurs as the sum over some subset of S. 
PROOF: This is easy to verify if p = 3. Assume p > 3. Let a be the 
sum over the elements of  S. I f  0 does not occur as a sum, then the set S* 
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obtained by adjoining a to S consists of  2p --  1 non-zero elements of  G. 
It also follows that a cannot be written as a sum of r elements of  S* if 
1 < r < 2p-  2, but  this contradicts theorem 1. 
REMARK. It  may be conjectured that, in Theorem 1, if  p > 3 and 
[ S [ = 2p --  2, then every element of  G occurs as a sum over some subset 
of S. The size of  S cannot  be reduced beyond this, however, as shown by 
the following example. 
For  any prime p > 3 let S consist  of  the 2p --  3 elements 
(1, 1), (2, 2) . . . . .  (p - -  1,p - -  1), (0, 1), (1, 2) . . . . .  (p --  3 ,p  - -  2). 
Elements of  the form (x, x - -  1) do not occur as sums of  subsets of  S. 
Thus the sums miss the complete coset 
(0, - 1) + (x, x). 
THEOREM 2. Let H be the additive group of residues modulo p, p a prime, 
and let G = H@ H. Let K be a subgroup of G of order p, and let 
~1,  0~2 . . . . .  (~2/~--1 (3) 
be a sequence of elements of G, such that 
0~a~aK for l< i<p- -1 ,  a~igK for  p<i~_2p- -2 .  
Then every element of G occurs as the sum of some subsequence of (3). 
PROOF: By the Cauchy-Davenpor t  theorem appl ied to the sum 
(0, ~1} + (0, ~} + ... + (0, ~-1) 
it follows that every element of  K, except possibly 0, occurs as the sum of 
a subsequence of  a l  . . . . .  %-1 9 
Since (z~ # K for p < i < 2p - -  2, we find by applying the Cauchy-  
Davenport  theorem to the sum 
(0, ~,} + ... + (0, ~,_~} + {~2,_1} 
taken modulo K, that every coset of  K in G contains the sum of some 
subsequence of  a~ . . . . .  a~_ l  9 
Hence every element of  G occurs as the sum of  a subsequence o f  (3). 
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